We study the existence and nonexistence of positive solutions for a system of nonlinear Riemann-Liouville fractional differential equations subject to multi-point boundary conditions which contain fractional derivatives.
Introduction
We consider the system of nonlinear ordinary fractional differential equations (S) 
+ u(t) + λf (t, u(t), v(t), w(t)) = , t ∈ (, ), D β + v(t) + μg(t, u(t), v(t), w(t)) = , t ∈ (, ), D γ + w(t) + νh(t, u(t), v(t), w(t)) = , t ∈ (,

(t) >  for all t ∈ (, ], or v(t) >  for all t ∈ (, ], or w(t) >  for all t ∈ (, ].
The nonexistence of positive solutions for the above problem is also studied. Our results generalize the results from the paper [] , where the authors investigated a system with two fractional differential equations and multi-point boundary conditions. Besides, our results improve and extend the results from [] , where only a few cases are presented for the existence of positive solutions for a system of integral equations and, as an application, for a system with three fractional equations subject to some boundary conditions in points t =  and t =  (Application . from [] ). Systems with two fractional differential equations with multi-point or Riemann-Stieltjes integral boundary conditions were also studied in [-], etc. Fractional differential equations describe many phenomena in various fields of engineering and scientific disciplines such as physics, biophysics, chemistry, biology, economics, control theory, signal and image processing, aerodynamics, viscoelasticity, electromagnetics, and so on (see [-] ).
The paper is organized as follows. In Section , we present some auxiliary results which investigate a nonlocal boundary value problem for fractional differential equations. Section  contains the main existence theorems for positive solutions with respect to a cone for our problem (S)-(BC). In Section , we investigate the nonexistence of positive solutions of (S)-(BC); and in Section , some examples are given to support our results. The main conclusions for our investigations from this paper are presented in Section .
Auxiliary results
We present firstly some auxiliary results from [] that will be used to prove our main results.
We consider the fractional differential equation 
where α ∈ (n -, n], n ∈ N, n ≥ , a i , ξ i ∈ R, i = , . . . , N (N ∈ N), 
and g  (t, s) =  (α) 
We can also formulate similar results as Lemmas .-. for the fractional boundary value problems
and
where
We denote by  , g  , g  , G  , h  , h  , J  and σ  , and  , g  , g  , G  , h  , h  , J  and σ  the corresponding constants and functions for problem ()-() and problem ()-(), respectively, defined in a similar manner as  , g  , g  , G  , h  , h  , J  and σ  , respectively. More precisely, we have
The inequalities from Lemmas . and . for the functions G  , G  , v and w are the following
In the proof of our main existence results, we shall use the following theorem (the GuoKrasnosel'skii fixed point theorem, see [] ).
Theorem . Let X be a Banach space, and let C ⊂ X be a cone in X. Assume  and  are bounded open subsets of X with  ∈  ⊂  ⊂  , and let A : C ∩ (  \  ) → C be a completely continuous operator such that either
Existence of positive solutions
In this section, we give sufficient conditions on λ, μ, ν, f , g and h such that positive solutions with respect to a cone for our problem (S)-(BC) exist.
We present the assumptions that we shall use in the sequel.
For σ ∈ (, ), we introduce the following extreme limits:
In the definition of the extreme limits above, the variables u, v and w are nonnegative. By using the Green functions G i , i = , , , from Section , we consider the following nonlinear system of integral equations:
If (u, v, w) is a solution of the above system, then by Lemma . and the corresponding lemmas for problems ()-() and ()-(), we deduce that (u, v, w) is a solution of problem (S)-(BC).
We consider the Banach space X = C[, ] with the supremum norm · and the Banach space Y = X × X × X with the norm (u, v, w) Y = u + v + w . We define the cones
, respectively, then by Lemma . and the corresponding ones for problems ()-() and ()-(), we obtain
and so
and then Q(P) ⊂ P. By using standard arguments, we can easily show that Q  , Q  and Q  are completely continuous (continuous and compact, that is, map bounded sets into relatively compact sets), and then Q is a completely continuous operator.
If (u, v, w) ∈ P is a fixed point of operator Q, then (u, v, w) is a solution of problem (S)-(BC). So, we will investigate the existence of fixed points of operator Q.
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC).
Proof We consider the above cone P ⊂ Y and the operators Q  , Q  , Q  and Q. We will prove some illustrative cases of this theorem. 
, and by Lemma ., we obtain
Then, by Lemma ., we conclude
Hence, for (u, v, w) ∈ P ∩ ∂  , we obtain
By using Lemma ., Theorem . i) and relations (), (), we deduce that Q has a fixed point (u, v, w 
The numerators of the above fractions are positive because μ <
, and by Lemma . we obtain
By using Lemma ., Theorem .(i) and inequalities (), (), we conclude that Q has a fixed point (u, v, w) ∈ P ∩ (  \  ) which is a positive solution of problem (S)-(BC).
Case (). We consider g 
, and by Lemma ., we obtain 
By using Lemma ., Theorem .(i) and inequalities (), (), we deduce that Q has a fixed point (u, v, w) ∈ P ∩ (  \  ) which is a positive solution of problem (S)-(BC).
By using (H) and the definition of f
, and by Lemma . we obtain 
Then, by Lemma ., we deduce
u(s), v(s), w(s) ds
≥ νσ γ -  σ J  (s)h s,
By using Lemma ., Theorem .(i) and inequalities (), (), we conclude that Q has a fixed point (u, v, w) ∈ P ∩ (  \  ) which is a positive solution of problem (S)-(BC). 
Remark . Each of the cases ()-() of Theorem . contains seven cases as follows: {f
i ∞ = ∞, g i ∞ , h i ∞ ∈ (, ∞)}, or {g i ∞ = ∞, f i ∞ , h i ∞ ∈ (, ∞)}, or {h i ∞ = ∞, f i ∞ , g i ∞ ∈ (, ∞)}, or {f i ∞ = g i ∞ = ∞, h i ∞ ∈ (, ∞)}, or {f i ∞ = h i ∞ = ∞, g i ∞ ∈ (, ∞)}, or {g i ∞ = h i ∞ = ∞, f i ∞ ∈ (, ∞)}, or {f i ∞ = g i ∞ = h i ∞ = ∞}.⎧ ⎨ ⎩ u (k) j () = , k = , . . . , m j -, j = , . . . , n, D p j + u j (t)| t= = N j k= a jk D q j + u j (t)| t=ξ jk , j = , . . . , n, where α j ∈ (m j -, m j ], m j ∈ N, m j ≥ ; ξ jk , a jk ∈ R for all k = , . . . , N j , (N j ∈ N);  < ξ j < ξ j < · · · ≤ ξ jN j , p j ∈ [, n j -], q j ∈ [, p j ], j = , . . . , N .
According to the values of
f s j = lim sup u  +···+u n →+ sup t∈[,] f j (t,u  ,...,u n ) u  +···+u n ∈ [, ∞), and f i j∞ = lim inf u  +···+u n →∞ inf t∈[σ ,] f j (t,u  ,...,u n ) u  +···+u n ∈ (, ∞], j = ,i  , g i  , h i  , f s ∞ , g s ∞ , h s ∞ ∈ (, ∞) and numbers α  , α  , α  ≥  with α  + α  + α  = , α  , α  , α  >  with α  + α  + α  = , α  , α  >  with α  + α  = , α  , α  >  with α  + α  = , α  , α  >  with α  + α  = , we define the numbers M  = α  θσ α- f i  A , M  = α  θσ β- g i  C , M  = α  θσ γ - h i  E , M  = α  f s ∞ B , M  = α  g s ∞ D , M  = α  h s ∞ F , M  = α  g s ∞ D , M  = α  h s ∞ F , M  = α  f s ∞ B , M  = α  h s ∞ F , M  = α  f s ∞ B , M  = α  g s ∞ D , M  =  f s ∞ B , M  =  g s ∞ D , M  =  h s ∞ F , where θ = min{σ α- , σ β- , σ γ - }.
Theorem . Assume that (H) and (H
) hold, σ ∈ (, ), α  , α  , α  ≥  with α  + α  + α  = , α  , α  , α  >  with α  + α  + α  = , α  , α  >  with α  + α  = , α  , α  >  with α  + α  = , α  , α  >  with α  + α  = . () If f i  , g i  , h i  , f s ∞ , g s ∞ , h s ∞ ∈ (, ∞), M  < M  , M  < M  and M  < M  , then for each λ ∈ (M  , M  ), μ ∈ (M  , M  ), ν ∈ (M  , M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
f s ∞ = , g s ∞ , h s ∞ , f i  , g i  , h i  ∈ (, ∞), M  < M  and M  < M  , then for each λ ∈ (M  , ∞), μ ∈ (M  , M  ), ν ∈ (M  , M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
g s ∞ = , f s ∞ , h s ∞ , f i  , g i  , h i  ∈ (, ∞), M  < M  and M  < M  , then for each λ ∈ (M  , M  ), μ ∈ (M  , ∞), ν ∈ (M  , M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
h s ∞ = , f s ∞ , g s ∞ , f i  , g i  , h i  ∈ (, ∞), M  < M  and M  < M  , then for each λ ∈ (M  , M  ), μ ∈ (M  , M  ), ν ∈ (M  , ∞) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
f s ∞ = g s ∞ = , h s ∞ , f i  , g i  , h i  ∈ (, ∞), M  < M  , then for each λ ∈ (M  , ∞), μ ∈ (M  , ∞), ν ∈ (M  , M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
f s ∞ = h s ∞ = , g s ∞ , f i  , g i  , h i  ∈ (, ∞), M  < M  , then for each λ ∈ (M  , ∞), μ ∈ (M  , M  ), ν ∈ (M  , ∞) there exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If g s ∞ = h s ∞ = , f s ∞ , f i  , g i  , h i  ∈ (, ∞), M  < M  , then for each λ ∈ (M  , M  ), μ ∈ (M  , ∞), ν ∈ (M  , ∞) there exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If f s ∞ = g s ∞ = h s ∞ = , f i  , g i  , h i  ∈ (, ∞), then for each λ ∈ (M  , ∞), μ ∈ (M  , ∞), ν ∈ (M  , ∞) there exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If f s ∞ , g s ∞ , h s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, M  ), μ ∈ (, M  ), ν ∈ (, M  ) there exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If f s ∞ = , g s ∞ , h s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, ∞), μ ∈ (, M  ), ν ∈ (, M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
g s ∞ = , f s ∞ , h s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, M  ), μ ∈ (, ∞), ν ∈ (, M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
h s ∞ = , f s ∞ , g s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, M  ), μ ∈ (, M  ), ν ∈ (, ∞) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
f s ∞ = g s ∞ = , h s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, ∞), μ ∈ (, ∞), ν ∈ (, M  ) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
f s ∞ = h s ∞ = , g s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, ∞), μ ∈ (, M  ), ν ∈ (, ∞) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If
g s ∞ = h s ∞ = , f s ∞ ∈ (, ∞) and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, M  ), μ ∈ (, ∞), ν ∈ (, ∞) there exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC). () If f s ∞ = g s ∞ = h s ∞ =  and at least one of f i  , g i  , h i  is ∞, then for each λ ∈ (, ∞), μ ∈ (, ∞), ν ∈ (, ∞) there
exists a positive solution (u(t), v(t), w(t)), t ∈ [, ] for problem (S)-(BC).
Proof We consider again the above cone P ⊂ Y and the operators Q  , Q  , Q  and Q. We will also prove for this theorem some illustrative cases.
By using (H) and the definition of
Then, for an arbitrary element (u, v, w) ∈ P ∩ ∂  , we deduce
Now we define the functions f 
Therefore, for ε > , there existsR  >  such that, for all x ≥R  and t ∈ [, ], we have f
By using Lemma ., Theorem .(ii) and relations (), (), we deduce that Q has a fixed point (u, v, w) ∈ P ∩ (  \  ), which is a positive solution for our problem (S)-(BC).
Case (). We consider g
The numerators of the above fractions are positive because λ <
By using (H) and the definition of h i  , we deduce that there exists R  >  such that
, then by using Lemma ., we obtain
Now, using the functions f * , g * , h * defined in the proof of case (), we have
Therefore, for ε > , there existsR  >  such that, for all x ≥R  and t ∈ [, ], we deduce f
We consider R  = max{R  ,R  }, and we denote  
Then, for (u, v, w) ∈ P ∩ ∂  , we conclude that
By using Lemma ., Theorem .(ii) and relations (), (), we deduce that Q has a fixed point (u, v, w) ∈ P ∩ (  \  ), which is a positive solution for our problem (S)-(BC).
Case (). We consider f
The numerator of the above fractions is positive because μ <
By using (H) and the definition of g i  , we deduce that there exists R  >  such that
We consider R  = max{R  ,R  }, and we denote
By using Lemma ., Theorem .(ii) and relations () and (), we deduce that Q has a fixed point (u, v, w) ∈ P ∩ (  \  ), which is a positive solution for our problem (S)-(BC).
Case (). We consider f
By using (H) and the definition of f i  , we deduce that there exists R  >  such that
Therefore, for ε > , there existsR  >  such that f
By using Lemma ., Theorem .(ii) and relations () and (), we deduce that Q has a fixed point (u, v, w) ∈ P ∩ (¯  \  ), which is a positive solution for our problem (S)-(BC).
Remark . Each of the cases ()-() of Theorem . contains seven cases as follows:
So the total number of cases from Theorem . is , which we grouped in  cases. 
. . , n, we have  n cases, which can be grouped in  n+ cases.
Nonexistence of positive solutions
We present in this section intervals for λ, μ and ν, for which there exist no positive solutions of problem (S)-(BC), viewed as fixed points of operator Q.
Theorem . Assume that (H) and (H) hold. If there exist positive numbers
then there exist positive constants λ  , μ  , ν  such that, for every λ ∈ (, λ  ), μ ∈ (, μ  ), ν ∈ (, ν  ) the boundary value problem (S)-(BC) has no positive solution.
. We suppose that (S)-(BC) has a positive solution (u(t), v(t), w(t)), t ∈ [, ]. Then we have
Therefore we conclude
Hence we deduce (u, v, w) Y = u + v + w < (u, v, w) Y , which is a contradiction. So the boundary value problem (S)-(BC) has no positive solution.
Remark . In the proof of Theorem . we can also define Let λ > λ  , μ >  and ν > . We suppose that (S)-(BC) has a positive solution (u(t), v(t), w(t)), t ∈ [, ]. Then we obtain
Therefore we deduce In a similar manner, we obtain the following theorems. 
